Abstract. Initial boundary value problems in one-dimensional nonlinear thermoviscoelasticity are considered, and the existence of global classical solutions is established by means of the Leray-Schauder fixed point theorem.
Introduction. In this paper we study the existence of global smooth solutions to initial boundary value problems in one-dimensional nonlinear thermoviscoelasticity. The conservation laws of mass, momentum, and energy for one-dimensional materials with the reference density p0 = 1 are where subscripts indicate partial differentiations, u is the deformation gradient, v is the velocity, e denotes the internal energy, a is the stress, rj stands for the specific entropy, 6 for the temperature, and q for the heat flux. For one-dimensional, homogeneous, thermoviscoelastic materials, e, a , rj, and q are given by the constitutive relations (see [1] ) e = e(u,6), a = a(u, 6, vx), ri = r)(u,6), q = q{u,6,0x), (1.3) which in order to be consistent with (1.2), must satisfy a(u, 6, 0) = \j/u{u, 6), fj(u, 0) = -&e(u, 0), (a(u, 0,w)-d(u,9, 0))w >0, q(u, 9, g)g < 0,
where y/ -e -9t] is the Helmholtz free energy function.
(1.4)
Here we consider that the reference configuration is the unit interval [0, 1] and that the initial values of the deformation gradient, the velocity, and the temperature are the given functions u(x, 0) = uQ(x), v(x, 0) = v0{x), d(x, 0) = 60(x), ie [0, 1] . (1.5)
As boundary conditions we consider f cr( 1 , t) = -yv{l, t), <7(0, t) = yv(0, t), t> 0, \ 0(1, 0 = 0(0, 0 = ^0, t >o, ( ' ] where y = 0 or y = 1 , and T0 > 0 is the reference temperature. The boundary condition (1.6), with y = 1 , boundary damping, represents that the endpoints of the interval [0,1] are connected to some sort of dash pot. Recently, Dafermos [2] , Dafermos and Hsiao [3] considered the following boundary conditions (stress free and thermally insulated): <7(1, t) = <7(0, t) = 0, <7(1, t) = <?(0, t) = 0, t> 0, (
and established the existence of global smooth solutions to (1.1), (1.5), (1.7) for a class of solid-like materials by applying the Leray-Schauder fixed point theorem.
The techniques in [2] work when only one end of the body is stress-free while the other is fixed, say u(l, /) = 0, er(0, t) = 0. For the initial value problem to (1.1) Zheng and Shen [16] proved the global existence of smooth solutions provided that the initial data are sufficiently small, and Kim [9] established the existence of global weak solutions in L1 n BV. When the material is an ideal gas or a real gas, there are independent investigations on the existence of global classical solutions of (1.1) (see [5] [6] [7] [8] [11] [12] [13] [14] and the references cited therein). The purpose of this paper is to show the existence of globally defined classical solutions to (1.1), (1) (2) (3) (4) (5) , (1.6) for the same class of solid-like materials as in [2] . Our paper is mainly based on techniques in [2, 3] , subject to the necessary modifications in the proof. As in [2] we consider the problem of existence of solutions to (1.1), (1.5)-(1.6) for a class of materials with constitutive relations e = e{u,6), a =-p(u, 6) + fi.(u)vx, q = -k{u,6)dx, (1.8) where the viscosity ju(u)u satisfies fi(u)u > n0 > 0, 0 < u < oo (1.9)
for some constant n0. We assume that e(u, d),p(u, 6), fi{u), and ic(u, 6) are twice continuously differentiable for 0 < u < oo and 0 < 6 < oo , and are interrelated by eu(u, 9) = -p(u, 6) + dpg(u, 6) (1.10) so as to be consistent with (1.4). Moreover, we will be concerned with solid-like materials, so we require that p{u, 6) be compressive for small u and tensile for large u, at any temperature, i.e., there are 0 < u < U < oo such that p{u,9)> 0, 0 < u < u, O<0<oc, ~ (1.11)
Hence, the assumption (1.11) implies that there is a constant rjQ with u <tl0<U such that P(%,T0) = 0.
(1.12)
We impose the following monotone condition on p :
-pu(u,T0)> 0 for any u< u < Z7 if y = 0 in (1.6),, -pu(u, T0) > pQ > 0 for any 0 < u < oo if y -1 in (1.6),.
Here p0 is a constant, and
and (/>(«, 6) is the Helmholtz free energy function. In view of (1.9), M(u) is a strictly increasing function that maps (0, oo) onto (-oo, oo). Using (1.11) we can show that u is a priori bounded, u < u(x, t) < U (cf. Lemma 2.3), and hence no restrictions are necessary on the behavior of e{u, 6), p(u, 6), and k(u, 6) at u = 0+ and u = oo. As concerns the temperature, we impose the following growth conditions upon e{u, 6), p(u, 6), and k(u, 6). There are positive constants u and N possibly depending on u and/or U such that for any u < u < U, 0 < 6 < oo, Furthermore, 6(x, t) > 0, u < u(x, t) < U for 0 < x < 1 , 0 < t < oo, where u, U are the same as in (1.14).
We will apply the Leray-Schauder fixed point theorem to prove the theorem in Sec. 3. Section 2 is devoted to the necessary a priori estimates. Remark 1.1. The techniques in this paper work for the boundary conditions:
and for the boundary conditions that one end of the interval [0,1] is stress-free while the other has the boundary damping, say cr(1 , t) = 0 , a{0, t) = u(0, t), and an identical existence theorem can be obtained. 
where <y)f = 0 for y = 0 and coy = p0 for y -1 , E(u, 6) and p0 are the same as in (1.14)4 and in (1.13)2, respectively. Proof. Recalling the definition (1.14)4 of E(u, 6), making use of (1.1),, (1.1 )2, (2.2), and (1.4), noting that -p(u, 6) = y/u(u, 6) and eg{u, 9) = -dd2ij/(u, 6)/d62, we obtain after a calculation that (£(", eu'iy + = a, (" + eK (". r0) _ ^o> ro) ^ -y("-%)
for u < u < U, which adding to (2.6) gives
Inserting (2.7) into (2.5) yields the lemma. □ Next, we want to bound the deformation gradient u(x, t). To this end we rewrite (2.1), using (1.14)4 , as follows:
where u and U are defined by (1.14) t and (1.14)2, respectively.
Proof. If we integrate (2. where p(y, t) = p{u{y, t), 6(y, t)). We add (2.11) to (2.10) and take u( = vx into account to deduce
By Lemma 2.2 and the Schwarz inequality, recalling the definition (1.14)3, we see that if u < u(x, t) < U for0<x<l,0</<T, then we have
< y(2rjl + 4e0/p0f2 + (2e0)i/2 < 2((1 + 2 y2/pQ)e0 + y2rj20)l/2 = 2^/2(l).
In particular, (1.14), and (1.14)2 yield u < uQ(x) < U, 0 < x < 1. Thus, if (2.14)
Note that u < u. If u(y, z) = u, then either u(y, t) < u for 0 < t < z, or u{y, t) < u for 0 < s < t < z, but u(y, s) = u. Recalling that, on account of (2.14), ti ^ u(x 5 £) ^ U for 0 ^ x ^ 1 and 0 ^ t ^ t , in the former esse we apply (2.12) with s = 0 and utilize (1.11) and (2.13) to deduce 15) while in the latter case (2.12) combined with (1.11) and (2.13) implies
In either case, by (1.14), , M(u(y, r)) > M(u) which contradicts u(y, r) -u. Hence, u < u(t, x), 0 < * < 1 , 0 < t < oo . Similarly, we can show that u{y, r) = U is a contradiction. This shows u(t, x) < U for 0 < .x < 1 , 0 < f < oo . □ As a result of Lemmas 2. where q{x, t) = -k(u{x, t), 9(x, t))6x(x, t). We now proceed to get estimates. We have Lemma 2.4. By (2.17), the Sobolev imbedding theorem W ' <-> L , and the inequality ab < ap/p + bq/q (a,b>0,p,q>\, \/p + \/q = 1), we find We now estimate the boundary terms in (2.36). Let £ = 1 or £ = 0. In view of (2.9) and (1.6)2, we have that \Qu(u(C, t), 6(C, 0)1 < A. So by virtue of (1.6)2, (2.37), (2.31), (2.19), and (2.30), we find that (cf. the proof of (2. Note that by (2.30)-(2.31), (2.20) , and Lemma 2. with boundary and initial conditions {-p{u, 9) + fi(u)vx)( \ , t) = -yv{ 1 , t), (~p(u, 9) + ft{u)vx)(0, t) = yt)(0, t), 9(l,t) = 9(0,t) = T0, (3.2)
where tj0 is defined by (1.12). To solve (3.1 )-(3.3) for arbitrary u, 9 e C^3'^6(QT), we have to define e, p, fi, k on R . Recalling that a smooth solution u(x, t) of the original system (1.1), (1.5)-(1.6) will be bounded from below by u and from above 2 by U (cf. Lemma 2.3), we construct C -smooth functions e(u, 9), p(u, 6), fi(u), k(u, 9) on M2 which coincide with e{u , 9), p(u, 9), fi(u), k(u, 9) for u < u < U , 0 < 9 < oo, and which satisfy the following conditions:
o>°, eg{u,9), k (u, 9) > v > 0 for -oo < u < oo, -oo < 9 < oo.
Under these assumptions (3.1)-(3.3) will have a unique solution not only in 38 but in a better function space. More precisely, Lemma 3.2. There is a unique solution {u(x, t), v(x, t), 9{x, ?)} of (3.1)- (3.3) such that u, ut, ux, v, vt, vx, vxx, 9, 9t, 9x, 9XX are all in C/?'^/2(0r) with /? = minja, 1 /3}, and the C^'^2(QT) norms of these functions can be a priori bounded in terms of C (depending only on fi0, u, T, and on the C (QT) norms of the coefficients) times the norms of the initial data and the right-hand sides of (3.1).
The existence of a solution to (3.1)-(3.3) can be established by the method of continuity (see [4] ) which connects (3.1) to a system without wx-terms in (3.1)2 and (3.1)3. The uniqueness is obvious. The a priori estimate in Lemma 3.2 follows from the classical Schauder-Friedman estimate (cf. [4, 10] ).
Applying Lemma 3.2 we see that any solution to (3.1)-(3.3) will be in the space indicated in Lemma 3.2. It then follows from the interpolation property [10, II, Lemma 3.1; or 3, Lemma 3.3] that the solution {u, v , 9} to (3.1)-(3.3) is in a Holder space which is compactly imbedded in 38 (in fact u, v , vx, 9, 6x e C1' 1^2{QT)). Thus, P(X, •): 38 -► 38 is not only well defined, but also completely continuous as required in (i) of Theorem 3.1. Using the a priori estimate in Lemma 3.2, we can easily show that the family P( -, {u, v, 6>}): [0, 1] -> with {u,v, 9} in any fixed bounded subset of 38, is uniformly equicontinuous, so that (ii) of Theorem 3.1 holds.
To show (iii) we note that any fixed point {u, v, 6} of P will solve the system (l.l)j, (2.1), (2.2), (3.3), (1.6) with e, p, fi, and k replaced by e, p, fi, and fc.
